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The unbounded Urysohn space was introduced in [12,13]. In [14] Uspenskij has proved that this space is homeomorphic
to the separable Hilbert space l2. In fact his proof also shows that the intersection of a ﬁnite collection of open balls is either
empty or is homeomorphic to l2. Here we shall strengthen his result in the way described in Abstract. We shall do this inde-
pendently of Uspenskij’s result and we shall use different method. The main tools used here will be the theorem of Bessaga
and Pełczyn´ski (Theorem 1.1; see [2, Corollary V.4.3]), theorem of Anderson [1] concerning Z -sets (Theorem 1.2), the result
of Henderson and Schori [5] (Theorem 1.3; see also [2, Theorem IX.7.3]) and the theorem of Mogilski [10] (Theorem 1.4). All
results of the paper concerning subsets of Urysohn spaces are stated and proved in Sections 2 and 3.
1. Topological apparatus
In this paper R+ denotes the set of all nonnegative reals. The identity map on a set Z is denoted by idZ . If X is a
topological space and A is a subset of X , then int A = intX A and cl A = clX A stand for, respectively, the interior and the
closure of the set A in the space X . For two maps f , g : X → Y (between topological spaces X and Y ) we shall write f ∼ g
if f and g are homotopic.
If Ω is any nonempty set, then RΩ is the topological space consisting of all functions from Ω to R with the Tychonoff’s
product topology. Open and closed balls in a metric space X are denoted by BX (a, r) and B¯ X (a, r), respectively. A subset of
a metric space is precompact if it is totally bounded, i.e. if its completion is compact. For a convex set K , Extr(K ) stands for
the set of all extreme points of K .
A subset A of a nonempty metric space X is a T -set (in X ) if the space C(Q , X \ A) (where Q is the Hilbert cube) is
dense in C(Q , X) in the topology of uniform convergence (see [2, Deﬁnition V.4.3]).
Two of the main tools used in this paper are the following results (see Corollaries V.4.3 and VI.1.1 in [2]):
Theorem 1.1. Let K be a compact metrizable convex inﬁnite-dimensional subset of a locally convex T2-space. If E ⊂ K is a T -set in K
of type Gδ such that E ⊂ Extr(K ), then E is homeomorphic to l2 .
Theorem 1.2. If a topological space X is homeomorphic to l2 and Y is a T -set in X, then any Gδ-set E such that Y ⊂ E ⊂ X is
homeomorphic to l2 as well.
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The next two important for us results are the following theorems (the ﬁrst of them is proved in [5], while the second
one follows from the result of [10] by an easy induction argument):
Theorem 1.3. Two l2-manifolds of the same homotopy type are homeomorphic. In particular, if M is a contractible l2-manifold, then
M is homeomorphic to l2 .
Theorem 1.4. Let X be a nonempty metrizable space which is the union of its closed subsets A1, . . . , An. If for each nonempty subset
J of {1, . . . ,n} the set⋂ j∈ J A j is either empty or an l2-manifold, then X is an l2-manifold as well.
In the sequel we shall need also the next result. Note that it easily follows from the fact that if an ANR is homotopically
trivial, then it is an AR.
Proposition 1.5. If a metric space X is the union of a family {An}∞n=1 of nonempty closed subsets of X such that for each n 1, An is
an absolute retract and An ⊂ int An+1 , then X is an absolute retract as well.
2. Topology of common annuli in Urysohn spaces
Now we pass to the main subject of the paper.
Deﬁnition 2.1. An Urysohn space is a separable complete metric space X such that every separable metric space of diameter
no greater than diam X is isometrically embeddable in X and each isometry between ﬁnite subsets of X is extendable to an
isometry of X onto itself. An Urysohn space is nontrivial if it has more than one point.
One of the most fundamental facts on Urysohn spaces states that for an arbitrarily ﬁxed r ∈ [0,∞] there is a unique (up
to isometry) Urysohn space of diameter r. We shall denote it by Ur .
A function f : X →R deﬁned on a metric space (X,d) is a Kateˇtov map on X if | f (x) − f (y)| d(x, y) f (x) + f (y) for
each x, y ∈ X . The set of all Kateˇtov maps on X is denoted by E(X). The difference f − g of two arbitrary Kateˇtov maps f
and g on X is a bounded function and the supremum distance of f and g is denoted by ‖ f − g‖. The set E(X) and all its
subsets will be considered with the latter metric. E(X) is a convex set and max( f , g) ∈ E(X) whenever f and g belong to
E(X).
For each x ∈ X , let ex : X → R+ be the Kateˇtov map given by ex(y) = d(x, y). It may easily be shown that ex ’s are the
only Kateˇtov maps on X which have zeroes in X and
‖ f − ex‖ = f (x) (2.1)
for each f ∈ E(X) and x ∈ X . All maps ex (with x ∈ X ) and all their restrictions are said to be trivial in X . The theorem of
Huhunaišvili [6] states that every Kateˇtov map deﬁned on a precompact subset of an Urysohn space which is bounded by
its diameter is trivial.
One shows that if g : A → R+ (where A is a nonempty subset of X ) is any function satisfying d(x, y) g(x) + g(y) for
each x, y ∈ A, then the function
gˆ : X  x → inf{g(a) + d(a, x): a ∈ A} ∈R+ (2.2)
is a Kateˇtov map. For more information on Urysohn spaces and Kateˇtov maps the reader is referred to [7–9,4].
Let I(R+) be the family of all nonempty connected subsets of R+ . That is, I(R+) consists of all sets of the forms {a},
(a,∞), [a,∞), (a,b), [a,b), (a,b] and [a,b] where a and b are arbitrary nonnegative real numbers such that a < b. For any
I ∈ I(R+) we shall denote by sup I the l.u.b. of I in the totally ordered space [0,∞]. An annular function on a set B is
a set-valued function h : B → I(R+). If h is an annular function, then h¯ : B → I(R+) is deﬁned as follows: h¯(b) = clh(b),
where the right-hand side expression is the closure of the set h(b) in the space R. The annular function h is said to be
closed if h = h¯, i.e. if h(b) is a closed subset of R for each b ∈ B .
Deﬁnition 2.2. The common annulus in a metric space (X,d) determined by an annular function h : B → I(R+) with centres
in a nonempty subset B of X is the set AnnX (B,h) =⋂b∈B AnnX (b,h(b)), where AnnX (a, I) = {x ∈ X: d(x,a) ∈ I} for any
a ∈ X and I ∈ I(R+).
If for each b ∈ B , h(b) = { f (b)}, where f : B → R+ , then we write S X (B, f ) instead of AnnX (B,h) and S X (B, f ) is said
to be the common sphere.
Before mentioned Huhunaišvili’s theorem may be rephrased in terms of common spheres as follows: for a nonempty
precompact subset A of an Urysohn space X and for every Kateˇtov map f ∈ E(A) bounded by diam X the common sphere
S X (A, f ) is nonempty. In fact it may be shown that the latter set is again an Urysohn space [11, Theorem 2.7–(U2)].
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function.
In the next result we shall need the following one, which is a special case of [11, Theorem 2.7–(U4)].
Lemma 2.3. If f , g ∈ E(A) are bounded by diamU, then
distd
(
SU(A, f ), SU(A, g)
)= ‖ f − g‖,
where distd stands for the Hausdorff distance induced by the metric d.
Lemma 2.4. If the common annulus AnnU(A,h) is nonempty, then it is dense in AnnU(A, h¯).
Proof. Let x ∈ AnnU(A,h) and y ∈ AnnU(A, h¯). Put fn = (1 − 1n )ey + 1n ex (n  1). Observe that fn ∈ E(U). By Lemma 2.3,
distd(SU(A, fn), SU(A, ey))  1nd(x, y). Thus there exists a sequence (xn)n1 of elements of U such that xn ∈ SU(A, fn)
(n 1) and limn→∞ d(xn, y) = 0. To end the proof, observe that xn ∈ AnnU(A,h) since d(xn,a) = (1− 1n )d(y,a) + 1nd(x,a) ∈
(1− 1n ) clh(a) + 1nh(a) ⊂ h(a) (a ∈ A). 
Now we shall prove the main result of the paper.
Theorem 2.5. If AnnU(A,h) has more than one point, then the common annulus AnnU(A, h¯) is homeomorphic to l2 and AnnU(A,h)
is a T -set in AnnU(A, h¯).
Proof. For simplicity, put P = AnnU(A,h), R = AnnU(A, h¯), r = diamU and Ia = h(a) (a ∈ A). By Lemma 2.4, cl P = R .
First assume that there is a∗ ∈ A such that Ia∗ is bounded. Let K = { f ∈ E(A ∪ R) | ∀a ∈ A: f (a) ∈ [0, r] ∩ cl Ia}. Let{an: n 1} and {xn: n 1} be dense subsets of A and P , respectively. Let D : K × K →R+ be the metric deﬁned by
D( f , g) =
∞∑
n=1
| f (an) − g(an)|
2n(1+ | f (an) − g(an)|) +
∞∑
n=1
| f (xn) − g(xn)|
2n(1+ | f (xn) − g(xn)|) ( f , g ∈ K ).
Since K consists of nonexpansive maps and the set {an: n  1} ∪ {xn: n  1} is dense in A ∪ R , hence D induces the
topology of pointwise convergence in K . Observe that K is clearly convex. What is more, the space (K , D) is compact.
Indeed, it is closed in the topology of pointwise convergence and it is pointwisely bounded, i.e. for each x ∈ A ∪ R the set
K (x) = { f (x): f ∈ K } is contained in [0,M(x)], where
M(x) = d(x,a∗) + sup Ia∗ (x ∈ A ∪ R). (2.3)
Further, note that ex|A∪R ∈ K for each x ∈ R and the map H : R  x → ex|A∪R ∈ K is an embedding. We infer from this that
H(R) is a Gδ subset of K . So, it is enough to show that H(R) is homeomorphic to l2 and that H(P ) is a T -set in K . Firstly,
H(R) ⊂ Extr(K ) (if ex|A∪R = 12 (u+ v) for some x ∈ R and u, v ∈ K , then u(x) = v(x) = 0 which implies that u = v = ex|A∪R ).
Secondly, if z and w are distinct points of P , then f∗ : A  x → max(d(x, z),d(x,w)) ∈ R+ is a Kateˇtov map on A (as the
maximum of two Kateˇtov maps). By [11, Theorem 2.7–(U2)], the space SU(A, f∗) (which is contained in P ) is a nontrivial
Urysohn space and therefore contains homeomorphic image of every separable metric space, which yields that H(P ) and K
are inﬁnite-dimensional. So, thanks to Theorem 1.1, to ﬁnish the proof, it suﬃces to show that H(P ) is a T -set in K . Since
K is homeomorphic to the Hilbert cube, we only need to prove that there are maps Φ : K → H(P ) arbitrarily close to the
identity map on K .
Let ε > 0. Take N  1 such that 1
2N
 12ε. Let T = A ∪ {x1, . . . , xN }. By the precompactness of T and [11, Theorem 2.7–
(U4)], there is an isometric map Ψ : Er(T ) →U, where Er(T ) = { f ∈ E(T ): f (T ) ⊂ [0, r]}, such that
Ψ ( f ) ∈ SU(T , f ) (2.4)
for each f ∈ Er(T ). In particular, Ψ (et |T ) = t for t ∈ T . Since T is precompact and Er(T ) consists of nonexpansive maps,
so, by the Ascoli type theorem, the topology of pointwise convergence in Er(T ) coincides with the topology of uniform
convergence. Thus
() Ψ is continuous with respect to the topology of pointwise convergence in Er(T ).
Further, it is not diﬃcult to show that
lim
l→∞
∞∑ 1
2n
(
M(an)
l + M(an) +
M(xn)
l + M(xn)
)
= 0,
n=1
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∞∑
n=1
1
2n
(
M(an)
l + M(an) +
M(xn)
l + M(xn)
)
 ε
2
. (2.5)
Now ﬁx z ∈ P and for any f ∈ K put f [l] = 1l ez|A∪R + (1− 1l ) f . Note that f [l] ∈ K whenever f ∈ K . What is more, by (2.5),
D
(
f [l], f
)= ∞∑
n=1
1
2n
( 1
l |d(z,an) − f (an)|
1+ 1l |d(z,an) − f (an)|
+
1
l |d(z, xn) − f (xn)|
1+ 1l |d(z, xn) − f (xn)|
)

∞∑
n=1
1
2n
(
M(an)
l + M(an) +
M(xn)
l + M(xn)
)
 ε
2
(2.6)
and by (2.1) and (2.4), d(Ψ ( f [l]|T ),a) = f [l](a) ∈ Ia for any a ∈ A. This yields that Ψ ( f [l]|T ) ∈ AnnU(a, Ia) (a ∈ A) and there-
fore
Ψ
(
f [l]|T
) ∈ P ( f ∈ K ). (2.7)
Now deﬁne Φ : K → K by the formula Φ( f ) = H(Ψ ( f [l]|T )). By (2.7), Φ(K ) ⊂ H(P ). Since the function K  f → f [l] ∈ K is
continuous and thanks to (), also Φ is continuous. It remains to show that D(Φ( f ), f ) ε for each f ∈ K .
Fix f ∈ K . Note that for each x ∈ T , (Φ( f ))(x) = d(Ψ ( f [l]|T ), x) = f [l](x) (thanks to (2.4)) and hence, by (2.6),
D
(
Φ( f ), f
)= ∞∑
n=1
| f [l](an) − f (an)|
2n(1+ | f [l](an) − f (an)|)
+
N∑
n=1
| f [l](xn) − f (xn)|
2n(1+ | f [l](xn) − f (xn)|) +
∞∑
n=N+1
|Φ( f )(xn) − f (xn)|
2n(1+ |Φ( f )(xn) − f (xn)|)
 D
(
f [l], f
)+ ∞∑
n=N+1
1
2n
 1
2
ε + 1
2N
 ε,
which ﬁnishes the proof in that particular case.
Now assume that sup Ia = ∞ for each a ∈ A. Fix distinct points z and w of P and a∗ ∈ A. For n  1 let gn =
max(d(a∗, z),d(a∗,w)) + n, Jna = Ia for a ∈ A \ {a∗} and Jna∗ = Ia∗ ∩ [0, gn]. Further, let Pn =
⋂
a∈A AnnU(a, Jna ) and
Rn =⋂a∈A AnnU(a, cl Jna ) (n  1). Observe that for each n  1, z,w ∈ Pn ⊂ Rn and R =⋃∞k=1 Rk . Now by the ﬁrst part
of the proof, each Rn is homeomorphic to l2. The same argument shows that R ∩ B¯U(a∗, gn) is homeomorphic to l2 as well,
which yields that R is an l2-manifold. Further, Rn is clearly a closed subset of R and Rn ⊂ R ∩ BU(a∗, gn+1) ⊂ intR Rn+1.
So, by Proposition 1.5, R is contractible and therefore, by Theorem 1.3, it is homeomorphic to l2. Finally, if L is a compact
subset of R , then there is n 1 such that L ⊂ Rn and thus, since Pn is a T -set in Rn , there is a sequence of maps from L to
Pn ⊂ P which is uniformly convergent to idL . This shows that P is a T -set in R . 
The above result and Theorem 1.2 imply
Corollary 2.6.
(1) If E is a Gδ-subset of U such that AnnU(A,h) ⊂ E ⊂ AnnU(A, h¯) and AnnU(A,h) has more than one point, then E is homeomor-
phic to l2 .
(2) If h(a) = h(a) for no more than countably many a’s, then the common annulus AnnU(A,h) is either empty, or one-point, or
homeomorphic to l2 .
As an immediate consequence we obtain the result of Uspenskij [14]:
Theorem 2.7. If a ∈ U and r ∈ (0,diamU] ∩ R, then each of the sets U, BU(a, r), B¯U(a, r) and SU(a, r) is homeomorphic to l2 . In
particular, U1 and U∞ are homeomorphic.
Now we shall give an equivalent condition to the nonemptiness of the common annulus AnnU(F ,h) in case of a ﬁnite
subset F = ∅ of U.
Proposition 2.8. If a1, . . . ,an ∈U and I1, . . . , In ∈ I(R+) (n 1), then the set P =⋂nj=1 AnnU(a j, I j) is nonempty if and only if the
conditions
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(F2) there are numbers α j,k, θ j,k, γ j,k, γk, j such that
α j,k, γ j,k ∈ I j, θ j,k, γk, j ∈ Ik,
α j,k − θ j,k  d(a j,ak) γ j,k + γk, j
are satisﬁed for each j,k ∈ {1, . . . ,n}. Moreover, if P is nonempty, then P is homeomorphic to l2 iff I j = {0} for each j = 1, . . . ,n.
Proof. The necessity of (F1) and (F2) is left as a simple exercise. To prove the suﬃciency, for j ∈ {1, . . . ,n} put
α j = min(p j;α j,1; . . . ;α j,n) ∈ I j,
β j = max(θ1, j; . . . ; θn, j;γ j,1; . . . ;γ j,n) ∈ I j
and observe that
α j − βk  α j,k − θ j,k  d(a j,ak) γ j,k + γk, j  β j + βk. (2.8)
When k = j, we obtain α j  β j . Let J j = [α j, β j] ⊂ I j .
Put g0(a j) = min{βk + d(a j,ak): k = 1, . . . ,n} β j . By (2.2) and (2.8), g0 ∈ E({a1, . . . ,an}). This implies that the map g
deﬁned by g(a j) = min(g0(a j),diamU) is Kateˇtov as well. By (2.8), α j  g(a j), which means that g(a j) ∈ J j for each j.
Since g has ﬁnite domain and is bounded by diamU, it is trivial in U and thus there is p ∈ U for which g(a j) = d(a j, p).
Clearly, p ∈⋂nj=1 AnnU(a j, J j) ⊂ P .
Now if P is nonempty, then this set has more than one point if and only if I j = {0} for j = 1, . . . ,n. (Indeed, suppose
I j = {0} for every j and take x ∈ P . If d(a j, x) = 0 for each j, then a1 = · · · = an and 0 ∈⋂nj=1 I j , hence P contains an open
ball. Otherwise, the set J = { j: x = a j} is nonempty and D =⋂ j∈ J SU(a j,d(x,a j)) is a nontrivial Urysohn space, thus a
connected space. But D ∩ Bd(x, ε) is contained in P for small ε > 0.) So, to ﬁnish the proof, it remains to notice that P is of
type Gδ and to apply Corollary 2.6. 
The ﬁrst of the following two results, which is followed by the second one, is a consequence of Proposition 2.8.
Corollary 2.9. Let A1, . . . , An (n  1) be nonempty ﬁnite subsets of U and let P j = AnnU(A j,h j) ( j = 1, . . . ,n) be common annuli
each of which has more than one point. Suppose that P j ∩ Pk = ∅ for every j,k ∈ {1, . . . ,n}. Then the intersection P1 ∩ · · · ∩ Pn has
more than one point as well.
Corollary 2.10. Let B and D be two nonempty ﬁnite families each member of which is a ball (open or closed) or the complement of a
ball. Assume that each two members of B have nonempty intersection and the union of each two members of D differs from the whole
space. If
⋂B ⊂⋃D, then B ⊂ D for some B ∈ B and D ∈ D.
3. Algebra generated by balls
We begin with certain results on l2-manifolds, which shall be used in the sequel. We put the following
Deﬁnition 3.1. Let (T ,) be a ﬁnite nonempty partially ordered space. A (T ,)-system is an arbitrary collection of sets
(Ut)t∈T such that:
(S1) each Ut is nonempty,
(S2) Us ⊂ Ut ⇔ s t (s, t ∈ T ),
(S3) for any s, t ∈ T , Us ∩ Ut =⋃{Uv : v ∈ T , v  s, v  t}.
For a metrizable space X , a (T ,)-decomposition of X is any (T ,)-system (At)t∈T of closed subsets of X for which
X =⋃t∈T At . A (T ,)-manifold decomposition of X is a (T ,)-decomposition consisting of sets homeomorphic to l2.
Our aim is to prove that every metrizable space which admits a (T ,)-manifold decomposition is homeomorphic to a
speciﬁc space, which we shall build later.
From now on, (T ,) is a ﬁxed (ﬁnite nonempty) partially ordered space and (At)t∈T is a (T ,)-manifold decomposition
of a metrizable space X . Put T0 = ∅ (⊂ T ) and for n  1 let Tn be the set of all minimal elements of T \ (T0 ∪ · · · ∪ Tn−1).
Clearly, there exists a unique N  1 such that T =⋃Nj=1 T j and each of the sets T1, . . . , TN is nonempty. Further, let Xn =⋃n
j=1
⋃
t∈T j At (n = 1, . . . ,N) and X0 = ∅. Observe that it follows from (S3) that As ∩ At ⊂ Xn−1 for distinct s, t ∈ Tn .
Lemma 3.2. If f : X → X is a map such that f (At) ⊂ At for each t ∈ T , then f ∼ idX .
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Hn(·,0) = idXn , Hn(·,1) = f |Xn and H(At × [0,1]) ⊂ At for each t ∈
⋃n
j=0 T j . The case n = N ﬁnishes the proof. 
The following has similar proof.
Lemma 3.3. If Y is a metrizable space and (Bt)t∈T is a (T ,)-manifold decomposition of Y , then there exists a map f : X → Y such
that f (At) ⊂ Bt for each t ∈ T .
Theorems 1.4, 1.3 and the two foregoing results yield
Theorem 3.4. If metrizable spaces X and Y admit (T ,)-manifold decompositions, then X and Y are homeomorphic l2-manifolds.
Now we shall construct a speciﬁc space which admits a (T ,)-manifold decomposition. For each t ∈ T , let vt ∈ RT be
a function such that vt(t) = 1 and vt(s) = 0 for s ∈ T \ {t}. The set {vt : t ∈ T } ⊂ RT is linearly independent. Further, let
L(T ,) be the family of all nonempty subsets of T which are totally ordered by ‘’. For any S ∈ L(T ,), let WS ⊂ RT be
the convex hull of the set {vs: s ∈ S}. Finally, put
K[T ,] =
⋃
S∈L(T ,)
WS ⊂RT .
The proof of the following is left to the reader.
Proposition 3.5. The space K[T ,] × l2 admits a (T ,)-manifold decomposition.
Corollary 3.6. Every metrizable space which admits a (T ,)-manifold decomposition is homeomorphic to K[T ,]× l2 (and therefore
it is an l2-manifold of ﬁnite homotopy type).
Now let S be a family of subsets of {1, . . . ,n} which contains each one-point subset of it. A system of sets A1, . . . , An
is said to be of type S, if for any nonempty subset J of {1, . . . ,n} we have A J = ∅ iff J ∈ S, where A J =⋂ j∈ J A j . If X is a
metrizable space, by a manifold decomposition of type S of X we mean any system A1, . . . , An of type S consisting of closed
subsets of X such that X = A1 ∪ · · · ∪ An and for each J ∈ S, the set A J is homeomorphic to l2.
Using similar ideas as in the proofs of Lemmas 3.2 and 3.3, one may prove the following two results.
Lemma 3.7. Let X be ametrizable space which admits amanifold decomposition of type S. If f : X → X is amap such that f (A J ) ⊂ A J
for each J ∈ S, then f ∼ idX .
Lemma 3.8. Let X and Y be two metrizable spaces and let A1, . . . , An and B1, . . . , Bn be manifold decompositions of type S of the
spaces X and Y , respectively. Then there is a map f : X → Y such that f (A J ) ⊂ B J for each J ∈ S.
As in case of (T ,)-manifold decompositions, the above two lemmas imply the next result.
Theorem 3.9. If X and Y are two metrizable spaces which admit manifold decompositions of type S, then X and Y are homeomorphic
l2-manifolds.
We leave this as an exercise to ﬁnd a polyhedron K(S) such that the space K(S) × l2 admits a manifold decomposition
of type S.
Now we pass to the main subject of the section. Let B(U) be the collection of all balls (open and closed) in U, let
A0(U) be the family consisting of all sets of the form G \ F , where G and F are, respectively, the intersection and the
union of ﬁnitely many members of the family B(U) ∪ {∅,U}. And let A(U) be the algebra generated by the family B(U),
i.e. A(U) is the least family such that each ball belongs to it and if P and R are its two members, then P ∪ R and
U \ P belong to it as well. Additionally, put A∗0(U) = A0(U) \ {∅} and A∗(U) = A(U) \ {∅}. Observe that if P1, . . . , Pm are
members of A0(U), then there are a nonempty ﬁnite subset A of U and annular functions h1, . . . ,hm : A → I(R+) such
that P j = AnnU(A,h j) ( j = 1, . . . ,m) and min{suph j(a): a ∈ A, j ∈ {1, . . . ,m}} > 0. Note also that Corollary 2.10 gives an
equivalent condition for the nonemptiness of a member of A0(U). We easily have A0(U) ⊂ A(U).
Any member of A∗0(U) is said to be a base set, while each member of A∗(U) is called an admissible one. One may prove
that if P is an admissible set, then so are int P and cl P and that P is the union of a ﬁnite collection of base sets.
Our next aim is to prove that each admissible set is an l2-manifold of ﬁnite homotopy type. This is a consequence of the
following
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U(P) =
{
P ⊂ P: P = ∅, UP := S ∩
⋂
P∈P
cl P ⊂
⋃
P∈P\P
cl P
}
.
Then the system (UP )P∈U(P) is a (U(P),⊃)-manifold decomposition of S and therefore S is homeomorphic to K[U(P),⊃] × l2 .
Proof. By the deﬁnition of UP , it is a subset of S which is closed in S . Further, for each x ∈ S , let P(x) = {P ∈ P: x ∈ cl P }.
Clearly P(x) is nonempty and x ∈ S ∩⋂P∈P(x) cl P . Moreover, x /∈⋃P∈P\P(x) cl P . This shows that P(x) ∈ U(P) and therefore
S =⋃P∈U(P) UP . On the other hand, if P is any member of U(P), then there is x ∈ UP \⋃P∈P\P cl P , which yields that
P(x) = P . So,
U(P) = {P(x): x ∈ S}.
Fix two elements x and y of S . There is P0 ∈ P such that x ∈ P0 and thus P0 ∈ P(x). Hence:
P0 ∩
⋂
P∈P(x)
cl P ⊂ UP(x) ⊂
⋂
P∈P(x)
cl P .
By Theorem 2.5, the set P0 ∩⋂P∈P(x) cl P is a T -set in ⋂P∈P(x) cl P . We conclude from this and Corollary 2.6 that UP(x) is
homeomorphic to l2. Further, if P(x) ⊃ P(y), then UP(x) ⊂ UP(y) . Conversely, if UP(x) ⊂ UP(y) , then x ∈ UP(y) and therefore
P(y) ⊂ P(x). So, it remains to show that the suitable condition (S3) is fulﬁlled. If z ∈ UP(x)∩UP(y) , then P(x)∪P(y) ⊂ P(z)
and thus (z ∈) UP(z) ⊂ UP(x) ∩ UP(y) , which ﬁnishes the proof. 
Theorem3.11. Every admissible set is an l2-manifold of ﬁnite homotopy type. Conversely, for any l2-manifold M of ﬁnite homotopy type
there are positive number r ∈ (0, 12 diamU) and points a1, . . . ,an ∈ U such that the spaces M,
⋃n
j=1 B¯U(a j, r) and
⋃n
j=1 BU(a j, r)
are homeomorphic.
Proof. The ﬁrst part of the theorem follows from the previous result.
Suppose that M is an l2-manifold of ﬁnite homotopy type. There is a polyhedron K for which K × l2 is homeomorphic
to M . By [3], there exist cubes (i.e. the ﬁnite Cartesian products of compact members of I(R+)) R1, . . . , Rn in some Rk
such that K and R1 ∪ · · · ∪ Rn are homeomorphic. So, M and W = (R1 ∪ · · · ∪ Rn) × l2 are homeomorphic as well. We may
assume that n 2.
Let S = { J ⊂ {1, . . . ,n}: J = ∅, R J =⋂ j∈ J R j = ∅}. It is easy to verify that R1×l2, . . . , Rn×l2 is a manifold decomposition
of type S of the space W . What is more, for any nonempty subset J of {1, . . . ,n} we have:
J ∈ S ⇔ ∀ j,k ∈ J : { j,k} ∈ S. (3.1)
Let T be the family of all two-point subsets of {1, . . . ,n}. We consider the space RT with the ‘maximum’ metric . For any
j ∈ {1, . . . ,n} and I ∈ T, put
P ( j)I =
{ [−2,2] if I ∈ S or j /∈ I,
[−5,−1] if I /∈ S and j = min I,
[1,5] if I /∈ S and j = max I.
Additionally, let s( j)I ∈ {0,−3,3} be the centre of the interval P ( j)I . Put P ( j) =
∏
I∈T P
( j)
I ⊂RT and s( j) = (s( j)I )I∈T ∈RT . One
may check that P ( j) is the closed ball (with respect to ) with centre at s( j) and of radius 2 and that for two arbitrary
elements j and k of {1, . . . ,n}:

(
s( j), s(k)
)
< 4 ⇔ (s( j), s(k)) 4 ⇔ { j,k} ∈ S. (3.2)
Now let t ∈ (0, 14 diamU) be such a number that (ts( j), ts(k))  diamU for each j,k ∈ {1, . . . ,n}. Put p j = ts( j) and r =
2t (< 12 diamU). The connection (3.2) gives:
(p j, pk) < 2r ⇔ (p j, pk) 2r ⇔ { j,k} ∈ S. (3.3)
Since the space P0 = {p1, . . . , pn} (with the metric ) has diameter no greater than diamU, hence P0 is isometrically
embeddable in U. So, there are points a1, . . . ,an in U for which d(a j,ak) = (p j, pk) for any j,k ∈ {1, . . . ,n}. Thus (3.3) is
equivalent to:
BU(a j, r) ∩ BU(ak, r) = ∅ ⇔ B¯U(a j, r) ∩ B¯U(ak, r) = ∅ ⇔ { j,k} ∈ S.
This, combined with Corollary 2.9 and (3.1), implies that the following equivalences hold for each nonempty subset J of
{1, . . . ,n}:
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j∈ J
BU(a j, r) = ∅ ⇔
⋂
j∈ J
B¯U(a j, r) = ∅ ⇔ J ∈ S
and therefore the spaces U =⋃nj=1 BU(a j, r) and V =⋃nj=1 B¯U(a j, r) admit manifold decompositions of type S (for U this
is the system U ∩ B¯U(a j, r)). Hence, by Theorem 3.9, U , V and W are homeomorphic. 
Example 3.12. The assumption in Theorem 3.11 that the set is admissible is essential, i.e. the condition ‘E is a Gδ-set such
that P ⊂ E ⊂ cl P for some admissible set P ’ is insuﬃcient for the set E to be an l2-manifold. Indeed, if, for instance, B1 and
B2 are two disjoint open balls such that cl B1 ∩ cl B2 = ∅ and a ∈ cl B1 ∩ cl B2, then P ⊂ E ⊂ cl P , where P = B1 ∪ B2 and
E = P ∪ {a}. Moreover, E is clearly a Gδ-set. But it is not an l2-manifold, since E \ {a} is disconnected.
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